Abstract-This
INTRODUCTION
Maps considered here are graphs embedded in a surface without edge-crossing and each face homeomorphic to an open disc, if the surface is the plane or the sphere, the map is called a planar map. A map is rooted if an edge is distinguished with an end (called root-vertex) and a side of the edge (called root). The selected edge is called root-edge. The face to which the root belongs is called root-face. A map is said to be 2-boundary if the root-face is a 2-gon. Without loss of generality, the root-face is chosen as the infinite face. All other faces are called inner faces.
A rooted planar near-quadrangulation is a rooted planar map in which each inner face is a quadrangle. If the root-face of a rooted planar near-quadrangulation is also a quadrangle, then the map is called a quadrangulation. An outerplanar nearquadrangulation can be treated as quadrangulations on the disc such that all the vertices are on the boundary of the disc. For only one quadrangulation, the quadrangle itself is outerplanar.
Quadrangulations (or their duals: rooted 4-regular planar maps) have been investigated by many scholars. Such as Tutte [1] [2] , Brown [3] , Mullin and Schellenberg [4] , Li and Liu [5] . Quadrangulations and 4-regular maps ( or quartic maps as some scholars called them) are very important, the usage can be seen for rectilinear embedding in VLSI, for the Gaussian crossing problem in graph theory, for the knot problem in topology, and for the enumeration of some other kinds of maps.
In this paper, the enumeration of rooted planar nearquadrangulations is discussed mainly with the size, the valency of the root-face and the number of non-rooted vertices as parameters. Based on this, two explicit expression of rooted planar near-quadrangulations with the size and with the root face valency are derived respectively. For one special case, rooted 2 edge-connected near-quadrangulations are considered. Moreover, we calculate rooted planar quadrangulations via rooted 2 boundary planar near-quadrangulations.
a finite set and P is a basic permutation on X . For convenience, the notations and terminologies not mentioned here can be seen in Liu [6] [7] [8] 
, nq, rvn as some special enunfunctions.
In this paper, we obtain main results as follows:
Theorem I.A. The enumerating function 1 ( , ) f x y satisfies the following equation
satisfies the following equation
x z h satisfies the following equation
where nq H is the coefficient of Further, for two sets of maps (1) M and (2) M , the set of
is said to be the 1v-production of (1) M and (2) M . Kr is a cut edge,
.This means that
From Lemma II.A， we obtained the contribution of 
, we get that
Since 1 (4), (5), we have
Multiplying by 2 1 f the two sides, Theorem I.A (1) follows from some rearrangement. • ( ) By rearranging the terms, we soon find the equation (3) of Theorem I.C.
III. PARAMETRIC EXPRESSIONS
Although from (1) it is allowed to find 1 f directly by using Lagrangian inversion, because of the equation is quadruple, the result is rather complicated for usage. In order to find the enumerating explicit expressions, we have to do some transformation and find their parametric expressions firstly.
For the generating function
Because the left side of the equation (7) has the following decomposition, so we write
which is in fact the form as 
Proof: From equation (8), we introduce one parameter for
then the parametric expression is derived.
By Ren [9] , according to the duality, the (3) have the following parametric expressions: which is called the coefficient operator [10] , or the partial, here we use the notation
